In this paper a quantitative analysis of the ruin probability in finite time of discrete risk process with proportional reinsurance and investment of finance surplus is focused on. It is assumed that the total loss on a unit interval has a light-tailed distribution -exponential distribution and a heavy-tailed distribution -Pareto distribution. The ruin probability for finite-horizon 5 and 10 was determined from recurrence equations. Moreover for exponential distribution the upper bound of ruin probability by Lundberg adjustment coefficient is given. For Pareto distribution the adjustment coefficient does not exist, hence an asymptotic approximation of the ruin probability if an initial capital tends to infinity is given. Obtained numerical results are given as tables and they are illustrated as graphs.
Introduction
This paper is a continuation of the research initiated in Jasiulewicz (2013) . For given theoretical results we conduct a detailed quantitative analysis for particular distributions of the total loss in a unit period and proportional reinsurance. We consider the ruin probability for a light-tailed distribution (exponential pdf) and a heavy-tailed distribution (Pareto pdf) taking into account an investment of finance surplus according to a random interest rate.
Based on these considerations we give practical conclusions concerning connections between initial capital level and the reinsurance level. We pointed out that the level of reinsurance of loss in order to set a ruin probability at the level low enough to be accepted by an insurer and vice versa i.e. how high his own capital should be.
The quality of the upper bound of ruin probability in finite time with the use of Lundberg coefficient was illustrated by the example of exponential distribution. We observe that if an insurer and a reinsurer use the same security loading then the adjustment coefficient as a function of reinsurance level is convex which considerably improves an upper estimation of ruin probability. However, if loading of a reinsurer is greater than loading of insurer, the adjustment coefficient is not a convex function, which lowers the quality of upper estimation.
It is known that for heavy-tailed distributions Lundberg adjustment coefficient does not exist. For distributions of that type we give the theorem about the approximation of ruin probability if the initial capital is sufficiently large. The example of Pareto distribution shows that such an approximation is appropriate and quickly tends to the limit value.
In the paper we assume the expectation of loss in a unit period as a monetary unit. For that reason we assume that the expected values in both considered distributions are equal to 1. For the assumed values of parameters in Pareto distribution a variance does not exist. To compare numerical results for both distributions we also take such parameters in order to obtain the same geometric means as well as geometric variances.
Notations and theorems
Given further notations, assumptions and theorems 1 and 2 come from the paper by Jasiulewicz (2013) . In that paper the following notations and assumptions were taken.
1. Z n -total claim at the end of unit period (n − 1, n], claim at the moment n, Z n -i.i.d. with cdf W (z) = Pr (Z n ≤ z) and mean µ = E Z n .
2. c = (1 + θ) µ -constant premium paid at the end of every unit period (n − 1, n], θ > 0.
3. U n -finance surplus at the end of period (n − 1, n] calculated after payoff. U n is invested at the beginning of the period (n, n + 1] at a random rate I n ∈ {i 1 , i 2 , . . . , i l }.
4. I 1 , I 2 , . . . -time-homogeneous Markov chain with l states, transition matrix P = [p st ] l×l and initial distribution π = (π 1 , . . . , π l ).
5. Insurer reinsures a part of a risk from each claim Z ce n = h (Z n , b) -the part retained by insurer with cdf
The following assumption about h is obvious:
n -reinsured part of the risk.
6. Reinsurer sets a premium rate according to the expected value rule:
We assume that η ≥ θ > 0, so an insurer does not earn without risk he retains only zero value of claims.
7. Premium rate retained by an insurer in a unit period:
8. U b n -process of financial surplus of an insurer with reinsurance at the end of unit period (n − 1, n] after the payment of premium and after payoff:
9. Ruin probability in the finite time:
Ruin probability in the infinite time:
Two examples of reinsurance of the most frequently reinsurancies applied in insurance practice. The further research is conducted for proportional reinsurance. Since we assume that E Z n = 1, the premium rate retained by an insurer is
To avoid such an event that ruin could occur in finite time with probability 1 it is assumed that
To write the paper self-contained, we give theorems from Jasiulewicz (2013) (Theorems 1 and 2), which will be used in the analysis of ruin probability. In the special case of reinsurance, namely proportional reinsurance, the theorems analogous to Theorems 1 i 2 were given in the paper Diasparra and Romera (2009) . Theorem 1. Ruin probability of an insurer in finite time is given recursively in the following way:
(2.4) Ruin probability in infinite time:
the upper estimation of ruin probability in finite and infinite time is in the form
where
Theorem 1 gives recurrence formulae for the ruin probability and Theorem 2 gives an upper estimation of ruin probability using Lundberg adjustment coefficient, which exists only for a light-tailed distribution. Therefore one cannot to use Theorem 2 to estimate the ruin probability for heavy-tailed distributions. In that case we will use an asymptotic of ruin probability in respect of an initial capital tending to infinity, whereas the total loss has the distribution with a regularly changing tail. Definition 1. A distribution F on (−∞, ∞) has a regularly changing tail if there exists some constant α ≥ 0 such that for every y > 0 is
The class of such distributions we denote by R −α .
Theorem 3. Let total loss Z n have cdf W ∈ R −α for some α > 0. If 1 + I n > 0 for any fixed I 0 = i s there exists a finite positive moment of rank α of discounting factor (1 + I 1 ) −1 , then for a proportional reinsurance for every I 0 = i s and every n we have
with an initial condition c 0 (i s ) = 0 for n = 1, 2, . . .
Proof.
In the paper Cai and Dickson (2004) the above theorem was proved in the case where an insurer does not apply reinsurance but invests finance surplus. It is sufficient to remark that with proportional reinsurance Z ce n = bZ n , if Z n has a distribution with a regularly changing tail with an index α. Then Z ce n has also the distribution with a regularly changing tail with an index α. This follows from
where z = x/b → ∞, if x → ∞, because b > 0. Therefore our Theorem 3 is fulfilled for Z ce by Theorem 5.1 from the paper Cai and Dickson (2004) . Our proof repeats the arguments given in Theorem 5.1 from that paper if we substitute V with of G.
In the next sections we will consider particular cases if the total loss in the unit period has an exponential distribution with mean 1, i.e. W (x) = 1−e −x and has Pareto distribution with the same mean:
In Section 3 we give analytical formulae only for the cases i s = 0 and small values of the parameter n, but for identical geometric expectation and variance. To determine that formulae we use the program Maxima * assigned to symbolic calculations. Numerical results will be presented for the case l = 2 and for selected values of the parameters α, β, η, θ and b.
Ruin probability
Calculations of values of function Ψ b (u, i s ) given by Theorem 1 were conducted for b = 0.2, 0.3, . . . , 1.0, u = 0, 1, 2, 3 , 4, 5 and n = 1, 2, . . . , 10. We considered the cases The values η = 0.25 and θ = 0.2 were taken. For E h (Z n , b) = b from (2.5) we obtain the formula
Exponential distribution
Let us assume that Z n has exponential distribution with mean 1. Hence Z ce n = bZ n has distribution function
The explicit formulae for function Ψ b 1 (u, i s ) for n ≥ 2 are too complicated to present. We take l = 1 and i s = 0.
Formulae for Ψ b n (u) for n ≤ 5 obtained from Maxima were used to verify the correctness of numerical algorithms which are used for greater n and l.
From Table 1 we obtain the following conclusions.
• If the initial capital grows, the part of the insurer's retained loss also grows with the constant level of risk of the company bankruptcy for any time horizon n.
• If initial invention rate grows then the level of retention b also grows with the constant ruin probability for any time horizon n.
• If time horizon n grows, then the ruin probability grows for every fixed u ≥ 0.2 and interest rate I 0 = i s . The greater u, the smaller ruin probability. Table 2 implies that with initial capital u ≥ 4 and interest rate I 0 = i s = 0.03 for every b the ruin probability does not exceed 0.05 for time horizon n = 5 and n = 10. This means that without using an insurance the insurer is exposed to bankruptcy with a small probability not exceeding 5%.
In Table 2 the number 1 means that without reinsurance an insurer will have the level of bankruptcy below 5%.
We calculate the parameter ξ (b) from Equation (2.8) for V (x) defined by (3.1):
We calculate the integral under assumption that bR (b) < 1: from which we determine R (b). Based on Theorem 2, the upper estimation of ruin probability has the form
Let us denote the right-hand-side of the inequality (3.6) by g b (u, i s ). In Figure 1 were depicted graphs for an exponential distribution for n = 5 and n = 10, for each one for b = 0.2, 0.4, . . . , 1.0 and for i 2 = 0.05. In Figure  2 graphs of Ψ b n (u, i s ) for n = 5 i n = 10 were depicted, for each one for u = 1, 2, 3, 4, 5 and for i 2 = 0.05. Graphs for i 1 = 0.03 are almost the same so we omit them. The differences are easy to observe in Table 1 .
Pareto distribution
We assume that the total loss Z n has Pareto distribution with distribution function
for x ≥ β > 0. A random variable Z n has the expectation E X = αβ α − 1 for α > 1 and a variance
for α > 2. We assume that E Z n = 1. Hence the parameter β must be in the form
The loss Z ce n = bZ n retained by insurer has cdf
In the numerical calculations we assume α = 1.25 similarly to the paper by Palmowski (2006) . In this paper it was showed that the greatest losses which came out at the end of eighties and nineties of XX century have Pareto distribution with the parameter approximately equal to 1.24138. With such a value of α the variance is infinite.
From (2.5) we have
The function Ψ b 1 (u, i s ) can be set by (2.3) in explicit form only for n = 1.
The cases n > 1 need numerical integrations. Consider the case n = 2. In this case it is necessary to calculate the integral
Substituting A = u + θ + b (η + 1) − η we come to down the problem of the calculation of the integral where 2 F 1 (a, b; c; z) is the hypergeometric function. Table 3 gives the same conclusion as for exponential distribution. Word "lack" in Table 4 means that for any level of retention b ∈ (0.2, 1] with initial capital u = 1, the ruin probability exceeds 0.05 both for five years time horizon and for ten year time horizon. In Figure 3 graphs of Ψ b n (u, i s ) for n = 5 and n = 10 for Pareto distribution were depicted for i 2 = 0.05. In Figure 4 graphs of Ψ b n (u, i s ) for n = 5 and n = 10, for u = 1, 2, 3, 4, 5 and i 2 = 0.05. Graphs for i 1 = 0.03 are almost the same so we omit them. The differences are easy to observe on Table 3 .
Taking an advantage from Theorem 3 we will present the results concerning an approximation of ruin probability for Pareto distribution. In Figure 5 the ratio Ψ
for n = 3, b = 0.2, 0.4, . . . , 1.0 and 0 ≤ u ≤ 20 was depicted.
Comparison of results for Pareto and exponential distribution
In the paper Jasiulewicz and Kordecki (2013) the concept of description and comparison by geometric parameters were presented. In particular, the comparison between Pareto and exponential distribution was considered. The geometric mean and variance E G T and D 
where γ = 0.577 . . . is Euler constant. Geometric parameters of Pareto distribution: 
Calculations presented in Section 3.2 were conducted for α = 1.25. However, if α < 2, as in the above case, the variance does not exist. Then the comparison seems more interesting if the geometric parameters are equal i.e. if expectations and variances are equal, because they always exist, that is
Hence, after simple calculations we obtain α = √ 6 π = 0.7796968, (3.14)
The values of parameters given by (3.14) and (3.15) result in
whereas D 2 X does not exists. A comparison of values of ruin probabilities Ψ b n (u, is) for both distributions are depicted in Figure 10 for n = 5, but for only one interest rate equal 3%. If expectations and variances are equal then this figure shows that ruin probabilities differ much for exponential and Pareto distributions. The least ruin probability for Pareto distribution is greater than the greatest ruin probability for exponential distribution. 
